An intuitive interpretation of the relationship between the dispersion relation of the single-particle excitation in a metal and that of the spin excitation in a Mott insulator is presented, based on the results for the one-and two-dimensional Hubbard models obtained by using the Bethe ansatz, dynamical density-matrix renormalization group method, and cluster perturbation theory. The dispersion relation of the spin excitation in the Mott insulator is naturally constructed from that of the single-particle excitation in the zero-doping limit in both one-and two-dimensional Hubbard models, which allows us to interpret the doping-induced states as the states that lose charge character toward the Mott transition. The characteristic feature of the Mott transition is contrasted with the feature of a Fermi liquid and that of the transition between a band insulator and a metal.
Introduction
Conduction electrons in a metal usually behave as single particles carrying spin and charge. In a Mott insulator, in contrast, the low-energy charge and spin excitations are separated: the charge excitation has an energy gap whereas the spin excitation is usually gapless. A fundamental issue of the Mott transition is how electrons carrying spin and charge in a metal change into those exhibiting spin-charge separation in a Mott insulator. Recently, an answer to this issue has been obtained in the one-dimensional (1D) and two-dimensional (2D) Hubbard models in Refs. 1 and 2. Namely, the Mott transition is characterized by freezing of the charge degrees of freedom in a single-particle excitation that leads continuously to the spin excitation of the Mott insulator. In this paper, to make the nature of the Mott transition more understandable, an intuitive interpretation of the relationship between the single-particle excitation in a metal and the spin excitation in a Mott insulator is presented.
Models and methods
We consider the 1D and 2D Hubbard models defined by the following Hamiltonian.
H = −t i, j ,σ
Hamiltonian H spin = J i, j S i · S j , where S i denotes the spin-1/2 operator at site i and J = 4t 2 /U [5] . The notation i, j indicates that sites i and j are nearest neighbors on a chain for the 1D Heisenberg model and on a square lattice for the 2D Heisenberg model.
We study the single-particle spectral function A(k, ω) at zero temperature defined as follows.
where c kσ denotes the annihilation operator of an electron with momentum k and spin σ. Here, ε l denotes the excitation energy of the eigenstate |l from the ground state |GS . The spectral function A(k, ω) can also be expressed as A(k, ω) = −ImG(k, ω)/π, where G(k, ω) denotes the retarded singleparticle Green function [6] . The spectral function A(k, ω) can be probed by using angle-resolved photoemission spectroscopy [7] . To calculate A(k, ω), we employ the dynamical density-matrix renormalization group (DDMRG) method [8] and cluster perturbation theory (CPT) [9, 10] for the 1D and 2D Hubbard models, respectively. In the DDMRG method, 120 eigenstates of the density matrix are kept for a 60-site chain [1] . In CPT, the Green function is obtained by connecting cluster Green functions calculated by exact diagonalization through the first-order single-particle hopping process without assuming long-range order. Since the hopping between clusters is approximated as the first-order single-particle process (which is exact at U = 0 [9, 10] ), CPT tends to enhance single-particle behavior like the quasiparticle in a Fermi liquid or rigid band. In the CPT calculation, we use cluster Green functions in (4 × 4)-site clusters which preserve rotational and inversion symmetries of the square lattice [2] . Gaussian broadening (standard deviation σ = 0.1t) is used for the spectral function [1, 2] . For the 1D Hubbard model, the Bethe ansatz [3] is used to investigate the natures of the characteristic modes [1] .
Relationship between single-particle excitation and spin excitation
The origins of the characteristic modes in the (0, 0)-(π, π) direction in the 2D Hubbard model [ Fig. 1(b) ] can be traced back to those of the 1D Hubbard model [ Fig. 1(a) ], by considering the spectral-weight shift caused by interchain hopping [2] . The most characteristic feature of the Mott transition is the behavior of the dispersing mode for ω > 0 in the lower Hubbard band (LHB) [Figs. 1(a) and 1(b), dashed red curves]. This mode corresponds to the states referred to as doping-induced states or in-gap states [11] [12] [13] [14] [15] [16] [17] [18] . In both 1D and 2D Hubbard models, its spectral weight gradually disappears toward Mott transition [ Fig. 1(e) ], while the dispersion relation remains dispersing even in the δ → 0 limit [ Fig. 1(d) ] [1, 2] . In addition, its dispersion relation, as well as that of the mode for ω < 0 in the low-|ω| regime [Figs. 1(a) and 1(b), dash-dotted blue curves], is directly related to the dispersion relation of the spin excitation of the Mott insulator as shown below [1, 2] .
The results obtained by using CPT for the 2D Hubbard model [2] have indicated that the energy of the mode for ω > 0 in the LHB [ Fig. 1(b) , dashed red curve] at (π, π) in the δ → 0 limit, denoted as ε (π,π) [ Fig. 1 (d) ], and the bandwidth of the mode primarily originating from the 1D spinon mode for ω < 0 at δ = 0, denoted as ε (0,0) [ Fig. 1 (c) ], behave as √ 2v 2D in the large-U/t regime, where v 2D denotes the spin-wave velocity of the 2D Heisenberg model (v 2D ≈ 1.18 √ 2J [19] ) with J = 4t 2 /U [ Fig. 2(f) ]. In the 1D Hubbard model, ε 0 and ε π , defined in a similar fashion to ε (0,0) and ε (π,π) , reduce to v 1D in the large-U/t limit [1, 20, 21] , where v 1D denotes the spin-wave velocity of the 1D Heisenberg model (v 1D = πJ/2 [22] ) with J = 4t 2 /U [ Fig. 2(c) ]. This implies that the mode of the single-particle excitation in the low-|ω| regime for ω > 0, as well as that for ω < 0, leads continuously to the spin excitation of the Mott insulator [1, 2] . Below, we interpret this feature more intuitively.
In 1D, the dispersion relation of the spin excitation (two-spinon excitation) of the Heisenberg model has been obtained by using exact solutions [20, 23, 24] , which can be expressed as 
where |k 1 | ≤ π/2 and |k 2 − π| ≤ π/2 for 0 ≤ k ≤ 2π [23] . Here, the spin-wave velocity has been obtained to be v 1D = πJ/2 [22] . The dominant part is the lower edge of the two-spinon continuum [ Fig. 2(b) ] [24, 25] , whose dispersion relation is obtained by setting
By noting that the single-particle dispersion relation of the 1D Hubbard model reduces to ε 1D (k) as δ → 0 and U/t → ∞ [ Fig. 2(a) ] [1, 20, 21] , the spin-wave dispersion relation [Eq. (4)] can be interpreted as follows. The gapless point of the spin-flip excitation at k=π [ Fig. 2(b) , brown circle] is due to the zero-energy excitation obtained by removing a spin-↓ quasiparticle at k = −π/2 and adding a spin-↑ quasiparticle at k = π/2, as indicated by the brown arrow in Fig. 2(a) . The spin-wave dispersion relation [Eq. (4) This feature also appears in the (0, 0)-(π, π) direction in the 2D Hubbard model [2] . In spin-wave theory [26] , the dispersion relation of the spin-wave mode in the 2D Heisenberg model is obtained as
where the spin-wave velocity has been estimated as v 2D ≈ 1.18 √ 2J [19] .
which can also be expressed as 
The single-particle dispersion relation of the mode originating from the 1D spinon mode and that of the mode for ω > 0 in the LHB in the 2D Hubbard model in the large-U/t regime have been shown to behave as ε 2D (k, k) in the δ → 0 limit [ Fig. 2(d) ] [2] . By following the argument in 1D, the gapless point of the spin-flip excitation at (π, π) [ Fig. 2 (e), brown circle] can be interpreted as the zeroenergy excitation obtained by removing a spin-↓ quasiparticle at (−π/2, −π/2) and adding a spin-↑ quasiparticle at (π/2, π/2), as indicated by the brown arrow in Fig. 2(d) . The spin-wave dispersion relation [Eq. (6) Fig. 2(d) . Reflecting the symmetry of spin excitation with respect to (π, π) at δ = 0 [Eq. (6); Fig. 2(e) ], the single-particle dispersion relation near δ = 0 is almost symmetric with respect to the gapless point in the (0, 0)-
Thus, in both 1D and 2D cases, the dispersion relation of the dominant part of the spin excitation is obtained by shifting either the starting or end point of the arrow along the single-particle dispersion relation in Figs. 2(a) and 2(d) with the other anchored at the gapless point. By extending the argument, we can interpret the behavior of the spin excitation in terms of the single-particle excitation. The behavior of the single spin-wave mode carrying most of the spectral weights in 2D can be interpreted by considering that the spin-wave mode constructed as described above [Eq. (7); Figs. 2(d) and 2(e)] carries most of the spectral weights. In 1D, considerable spectral weights of the spin excitation spread over the two-spinon continuum [ Fig. 2(b) ] [24, 25] . This behavior can be interpreted by considering that the spin excitation obtained by shifting both starting and end points of the arrow along the singleparticle dispersion relation in Fig. 2(a) [Eq. (2)] [23] carries considerable spectral weights.
The continuous evolution to the spin excitation of the Mott insulator is consistent with the scaling behavior of spin correlations toward the Mott transition [6, 27, 28] . The gapless nature of the singleparticle excitation in the (0, 0)-(π, π) direction [Eq. (8); Fig. 2(d) ] in the 2D Hubbard model [2] is compatible with that of the cuprate high-temperature superconductors having the order parameter with d x 2 −y 2 -wave symmetry [7] , as well as the gapless spin-wave mode created from the antiferromagnetic long-range order in the Mott insulator [26, 29] . Although some recent studies for the 2D Hubbard model suggest that there is an energy gap between the doping-induced states and the states below them [16] [17] [18] , the present results relating the doping-induced states to the spin-wave mode indicate that such an energy gap does not exist in the 2D Hubbard model [2] as in the 1D case [1] .
The values of ε (0,0) in the large-U/t regime in the 2D Hubbard model [2] are consistent with those estimated in the single-hole excitation in the 2D t-J model at δ = 0 [13, 30, 31] . Although ε (0,0) has been considered in the literature to behave according to a power law as a function of J with an exponent of 0.7 α 1 [13, 30, 31] , the present analyses based on the features derived from the exact 1D results [1] indicate that the value of ε (0,0) can be interpreted as √ 2v 2D [2] . In the extremely large-U/t regime, ferromagnetic fluctuations arising from Nagaoka ferromagnetism [32] [33] [34] [35] might affect the single-particle excitation as well as the spin excitation near the Mott transition, an outcome that is beyond the scope of the present study.
Summary and discussion
In this paper, the relationship between the single-particle excitation in the δ → 0 limit and the spin excitation at δ = 0 has been clarified. Near the Mott transition of the 1D and 2D Hubbard models, the mode of the low-|ω| single-particle excitation remains dispersing even in the δ → 0 limit, and its dispersion relation is directly related to that of the spin excitation of the Mott insulator [1, 2] . Due to this feature, the reduction in spectral weight from the dispersing mode for ω > 0 in the LHB can be interpreted as a loss of charge character toward the Mott transition [1, 2] . This is the nature of the Mott transition, which reflects the spin-charge separation (non-zero charge gap and gapless spin excitation) in the Mott insulating phase [1, 2] . This characteristic feature of the Mott transition is contrasted with the feature of the transition between a band insulator and a metal: doping of a band insulator neither changes the band structure nor induces an additional dispersing mode, because electrons continue to behave as single particles before and after the transition without exhibiting the spin-charge separation.
In a Fermi liquid as the effective mass m * → ∞, the effective bandwidth of the coherent part ε * shrinks as ε * ∝ 1/m * → 0 [6] . Thus, the characteristic feature of the Mott transition (dispersing mode losing the spectral weight) cannot be interpreted as a property of the coherent part. If one dares to interpret this feature in the Fermi liquid theory, it should be regarded as a contribution from the incoherent part. Note, however, that the mode for ω > 0 in the LHB seems to be continuously deformed from the effectively non-interacting mode (coherent part) in the low-electron-density limit [2] .
We can confirm that the present results for the 2D Hubbard model [2] are not artifacts of the CPT approximation, by considering the nature of the approximation. CPT does not assume antiferromagnetic long-range order but rather tends to enhance paramagnetic behavior. Nevertheless, the CPT results show that the dispersion relation of the single-particle excitation in the metallic phase leads continuously to that of the spin-wave mode created from the antiferromagnetic long-range order in the Mott insulating phase [2] . Thus, this feature is not an artifact of the CPT approximation. In addition, (4 × 4)-site clusters that preserve rotational and inversion symmetries of the square lattice are used in the present study, and CPT rather tends to enhance single-particle behavior. Nevertheless, the CPT results show that multiple modes similar to those of the 1D model appear [2] . Thus, this feature is not an artifact of the CPT approximation, either. These features should be intrinsic to the model.
Although the Mott transition can be a first-order transition in real materials due to various factors that are not taken into account in the present study, the signatures for the characteristic features of the Mott transition obtained in the 1D and 2D Hubbard models [1, 2] , which are models that have been simplified and idealized to extract the essence of the Mott transition, are expected to generally persist near the Mott transition.
